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PROBLEMS IN ADDITIVE NUMBER THEORY, I 



MELVYN B. NATHANSON 



Abstract. Talk at the Atelier en combinatoire additive (Workshop on Arith- 
metic Combinatorics) at the Centre de recherches mathematiques at the Uni- 
versite de Montreal on April 8, 2006. 



Definition 1. A problem is a problem I cannot solve, not necessarily an unsolved 
problem. 



:^ 

n ■ 1. Sums and differences 

2 ' For any set A of integers, we define the sumset 

A + A = {a + a : a,a e A] 

*^ , and the difference set 
>■ I A~ A = {a- a' -.a^a' € A}. 

—1. \ In this section we consider finite sets of integers, and the relative sizes of their 

fT^ ■ sumsets and difference sets. If A is a finite set of integers and a;, y G Z, then the 

^^ \ translation of yl by a; is the set x + A = {x + a:a£ A} and the dilation of A by y 

^^ ■ \s y * A — {ya : a e A}. We have 

O ' {x + A) + {x + A) ^2x + 2A 



and 



C^ ■ {x + A)-{x + A)^ A- A. 

Similarly, 



^ ■ and 



It follows that 
and 



y*A + y*A = y*{A + A) 
y*A~y*A = y*{A — A). 

\{x + y*A) + {x + y*A)\ = \2A\ 
{x + y*A)-{x + y*A)\ = \A- A\ 



so the cardinalities of the sum and difference sets of a finite set of integers are 
invariant under affine transformations of the set. 
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2 MELVYN B. NATHANSON 

The set A is symmetric with respect to the integer z ii A = z — A or, equivalently, 
if a G A if and only ii z — a E A. For example, the set {4, 6, 7, 9} is symmetric with 
z = 13. If A is symmetric, then 

A + A = A + {z-A) = z + {A-A) 

and so \A + A\ = \A-A\. 

If ^ = {a, b, c} with a < b < c and a + c ^ 2b, then 

\A + A\ = 6<7^\A-A\. 

If 

A = {0,2, 3, 4, 7} 
then 

A + A= [0, 14] \ {1,12, 13} 
A- A = [-7,7] \ {-6,6} 

and 

|A + A| = 12< 13= \A + A\. 
This is the typical situation. Since 

2+7=7+2 

but 

2-77^7-2 

it is natural to expect that in any finite set of integers there are always at least as 
many differences as sums. There had been a conjecture, often ascribed incorrectly 
to John Conway "'^ that asserted that |A + A| < |A — A| for every finite set A of 
integers. This conjecture is false, and a counterexample is the set 

(1) A = {0,2,3,4,7,11,12,14}, 

for which 

A + A= [0, 28] \ {1,20, 27} 

A-A= [-14, 14] \ {±6, ±13} 

and 

|A + yl| = 26>25= \A-A\. 
On the other hand, the conjecture really should be true, and suggests the first 
somewhat philosophical problem. 

Problem 1. Why do there exist finite sets A of integers such that \A+A\ > \A—A\ ? 

Given the existence of such aberrant sets, we can ask for the smallest one. The 
set A in (HJ satisfies \A\ =8. 

Problem 2. What is 

min{|A| ■.ACZand\A + A\>\A^ A\}7 



The confusion may be due to the fact that the first published paper on the conjecture, by 
John Marica ^, is entitled "On a conjecture of Conway." I asked Conway about this at the Logic 
Conference in Memory of Stanley Tennenbaum at the CUNY Graduate Center on April 7, 2006. 
He said that he had actually found a counterexample to the conjecture, and that this is recorded 
in unpublished notes of Croft [2]. 
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Sets A with the property that |yl + A| > \A — A\ should have structure. By 
structure I do not mean that A contains arithmetic progressions or generahzed 
arithmetic progressions or even subsets of some polynomial type. There is a signif- 
icant part of combinatorial and additive number theory, sometimes called additive 
combinatorics, that consists of looking for arithmetic progressions inside sets of in- 
tegers, or proving that certain sets can be approximated by generalized arithmetic 
progressions. The results are beautiful, deep, and difficult, but it is hard to ignore 
the fact that arithmetic progressions are fundamentally boring, and dense or even 
relatively dense sets of integers must contain vastly more interesting structures that 
we have not yet imagined. 

The astronomers arc trying to understand the large-scale structure of the uni- 
verse. If they found an arithmetic progression or a generalized arithmetic pro- 
gression of galaxies, they would be ecstatic, but it would also be obvious to them 
that this fascinating and unexpected curiosity is only a small part of the universe, 
and they would keep looking for other structures. Since the complexity of sets of 
integers is comparable to that of the universe, we should also keep looking. 

Problem 3. What is the structure of finite sets satisfying \A + A\ > \A — A\? 

If j4 is a finite set of integers and ?Ti is a sufficiently large positive integer (for 
example, m > 2max({|a| : a G A}), then the set 

At ~ < "S^ a-iTTi^ : Oi e A for « = 0, 1, . . . , i - 1 > 

has the property that 

\At + At\ = \A + A\' 
and 

\At-At\^\A-A\K 
It follows that if |^ + ^| > |A - A|, then \At + At\ > \At - At\ and, moreover, 

1™ 7"; TT = 1™ 7"; n I ~ oo- 

t^oo\At-At\ t^oo\\A-A\) 

The sequence of sets {At}^i is the standard parametrized family of sets with more 
sums than differences. 

Problem 4. Are there other parametrized families of sets satisfying \A + A\ > 

\A-A\? 

Even though there exist sets A that have more sums than differences, such sets 
should be rare, and it must be true with the right way of counting that the vast 
majority of sets satisfies jA — A| > |A + A\. 

Problem 5. Let f{n) denote the number sets AC [0,n — 1] such that \A — A\ < 
\A + A\, and let f{n, k) denote the number of such sets AC [0, n — 1] with \A\ = k. 
Compute 

fin) 



lim 



2" 
/(n,fc) 



n^oo (J 
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The functions f{n) and /(n, k) are not necessarily the best functions to count 
finite sets of nonnegative integers with respect to sums and differences. 

Problem 6. Prove that \A — A\ > \A + A\ for almost all sets A with respect to 
other appropriate counting functions. 

2. Binary linear forms 

The problem of sums and differences can be considered a special case of a more 
general problem about binary linear forms 

f{x,y) = ux + vy 

where u and v arc nonzero integers. For every finite set A of integers, let 

f{A) = {f{a,a'):a,a'EA}. 

We are interested in the cardinality of the sets f{A). For example, the sets associ- 
ated to the binary linear forms 

s{x,y) ^ x + y 

and 

d{x,y) =x-y 
are the sumset s{A) = A + A and the difference set d{A) = A — A. 

We begin by putting our functions into a standard form. Let fo{x, y) — UQX+voy. 
If d= iuo,vo) > 1, let fi{x,y) = {uo/d)x + {vo/d)y = uix + viy. If |ui| < |i;i|, let 
f2{x,y) = vix + uiy = U2X + V2y. If M2 < 0, let fz{x,y) = -U2X-V2y = u^x + vzy. 
Then 

\f,{A)\ = \h{A)\ = \f2{A)\^\fM)\ 
for every finite set A. To every binary linear form there is constructed in this way 
a unique normalized binary linear form f{x,y) = ux + vy such that 

w > |w| > 1 and {u,v) — 1. 

The natural question is: If f(x,y) and g{x,y) are two distinct normalized binary 
linear forms, do there exist finite sets A and B of integers such that |/(^)| > |. 9(^)1 
and \f{B)\ < \g{B)\, and, if so, is there an algorithm to construct A and B? 

Brooke Orosz gave constructive solutions to this problem in some important 
cases. For example, she proved the following: Let u > v > 1 and {u,v) = 1, and 
consider the normalized binary linear forms 

f{x,y) ^ux + vy 



and 

For u > 3, the sets 

and 

satisfy the inequality 

and 



gix,y) ^ux-vy. 

A = {0, u^ - w^, u^, u^ + uv} 

B = {0, u — uv, u — w , u } 

1/(^)1 = 14> 13=1.9(^1)1 

|/(S)| = 13<14=|g(i?)|. 
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For u = 2, we have f{x, y) — 2x + y and g{x, y) — 2x — y. The sets 

A ={0,3, 4, 6} 



and 

satisfy the inequality 

and 



i? = {0,4,6,7} 

|/(A)| = 13>12=|.g(A)| 



1/(5)1 = 13 < 14 =|.9(i?)|. 
The problem of pairs of binary linear forms has been completely solved by 
Nathanson, O'Bryant, Orosz, Ruzsa, and Silva |11| . 

Theorem 1. Let f{x,y) and g{x,y) be distinet normalized binary linear forms. 
There exist finite sets A, B , C with \C\ > 2 such that 

\f{A)\ > \9{A)\ 

\fiB)\ < \g{B)\ 

\f{C)\ = \9{C)\. 

Problem 7. Let f{x,y) and g{x,y) be distinct normalized binary linear forms. 
Determine if |/(^)| > |.9(^)| for most or for almost all finite sets of integers. 

These results should be extended to linear forms in three or more variables. 

Problem 8. Let f{xi, . . . , Xn) — uixi + • • • + UnXn and g{xi, . . . , Xn) — wia;i + 
■ • • + w„a;„ be linear forms with integer coefficients. Does there exist a finite set A 
of integers such that |/(^)| > |5(^)| ? 

3. Polynomials over finite sets of integers and congruence classes 

An integer- valued function is a function f{xi, X2, . . . , a;„) such that if xi, a;2, . . . , a;„ 
Z, then /(xi, 2:2, ... , x„) G Z. The binomial polynomial 

^a;\ _ x{x-l){x-2)---{x- k + 1) 



^kj k\ 

is integer- valued, and every integer-valued polynomial is a linear combination with 
integer coefficients of the polynomials (^). For any set A C Z, we define 

/(^) = {/(«!, 02, •■•,a«) : a, e ^ for i = l,2,...,n} C Z. 

Problem 9. Let /(xi, . . . ,a;„) and g{xi, . . . ,Xn) be integer-valued polynomials. 
Determine if there exist finite sets A,B,C' of positive integers with \C\ > 2 such 
that 

\f{A)\ > \g{A)\ 

\fiB)\ < 1.9(5)1 

1/(^)1 = \9iC)\. 

There is a strong form of Problem O 

Problem 10. Let /(xi, . . . ,x„) and g{xi, . . . ,x„) be integer-valued polynomials. 
Does there exist a sequence {Ai}°^^ of finite sets of integers such that 

hm , , . ,, = 00? 
*-*oo \g[Ai)\ 
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There is also the analogous modular problem. For every polynomial f{xi ,X2,---,Xn) 
with integer coefficients and for every set A C Z/rnZ, we define 

f{A) = {f{ai,a2, ... ,an) : ai e A for i ^ 1,2, ... ,n} C Z/mZ. 

Problem 11. Let f{xi, . . . ,Xn) and g{xi, . . . ,Xn) be polynomials with integer co- 
efficients and let m > 2. Do there exist sets A,B,C C Z/ttiZ with \C\ > 1 such 
that 

1/(^)1 > 1.9(^)1 
\fiB)\ < \9{B)\ 
\fiC)\ = \9{C)\. 

Problem 12. Let f{xi, . . . , a;„) and g{xi, . . . , a;„) be polynomials with integer co- 
efficients. Let M{f,g) denote the set of all integers m > 2 such that there exists 
a finite set A of congruence classes modulo m such that \f(A)\ > |(7(^)|. Compute 
M{f,g). 

Note that if there exists a finite set A of integers with |/(A)| > |(7(A)|, then 
M{f,g) contains all sufficiently large integers. 

4. Representation functions of asymptotic bases 

A central topic in additive number theory is the study of bases for the integers 
and for arbitrary abelian groups and semigroups, written additively. The set A 
is called an additive basis of order h for the set X if every element of X can be 
written as the sum of exactly h not necessarily distinct elements of A. The set A is 
called an asymptotic basis of order h for the set X if all but at most finitely many 
elements of X can be written as the sum of h not necessarily distinct elements of 
A. The classical bases in additive number theory for the set Nq of nonnegative 
integers are the squares (Lagrange's theorem), the cubes (Wieferich's theorem), 
the fc-th powers (Waring's problem and Hilbert's theorem), the polygonal numbers 
(Cauchy's theorem), and the primes (Shnirel'man's theorem for sufficently large 
integers). These classical results in additive number theory are in Nathanson jBl[7j- 

The representation function for a set A is the function rA,hi'n) that counts the 
number of representations of n as the sum of h elements of A. More precisely, 
TA,h{'n,) is the number of /i-tuples (ai, a2, . . . , a;;) G A^ such that 

ai + 02 + ■ ■ ■ + ail ^ n 

and 

ai < 02 < ■ ■ ■ < Oh- 

The set A is an asymptotic basis of order h if rA.h{n) > 1 for all but finitely many 
elements oi X . A fundamental unsolved problem in additive number theory is the 
classification problem for representation functions. 

Problem 13. Let f : Nq -^ NoU{cxd} be a function. Find necessary and sufficient 
conditions on f in order that there exists a set A in Nq .such that r^,/i(n) = f{n) 
for all n G Nq. 

A special case is the classification problem for representation functions for as- 
ymptotic bases for the nonnegative integers. 
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Problem 14. Let J-'q{'No) denote the set of all functions f : Nq — » No U {00} such 
that f{n) = for only finitely many nonnegative integers n. For what functions 
f G ^o(No) does there exist a set A C No such that rA,hin) — f{n) for all n G No ? 

Nathanson 8 introduced these problems, and recently began to study the rep- 
resentation functions of asymptotic bases for the set Z of integers. He proved ^HI 
that if / : Z ^ No U {00} is any function such that f{n) = for only finitely 
many integers n, then there exists a set A in Z such that rA,h{n) — f{n) for all 
integers n. Moreover, arbitrarily sparse infinite sets A can be constructed with the 
given representation function /. The important new problem is to determine the 
maximum density of a set A of integers with given representation function /. For 
any set A of integers, we define the counting function 

A{x) = ^ 1. 

aeA 
|a|<x 

Problem 15. Let f : Z —> Nq U {cxd} be any function such that f{n) — for only 
finitely many integers n. Let TZ{f) denote the set of all sets A <Z X such that 

'i^A,2in) — f{n) for all n ^7i. 

Compute 

sup {a : Ae Ti-if) and A{x) ^ x" for all x > xq} ■ 

Nathanson j^ proved that for any function / there exists a set A G TZ{f) with 

A{x) > x^/^. 

Cilleruelo and Nathanson Pj recently improved this to 

A{x) > x^-^^+' 

for any e > 0. 

A related problem is the inverse problem for representation functions. Associated 
to a function / : Z ^ No U {00} can be infinitely many sets A of integers such that 
A G Tl{f). On the other hand, the semigroup No of nonnegative integers is more 
rigid than the group Z of integers. Given / : No -^ No, there may be a unique set 
A C No such that rA.h{n) = f{n) for all n G No. 

Problem 16. Let f : No —> No be the representation function of a set of integers. 
Determine all sets A C No .such that rA,h{n) — f{n) for all sufficiently large 
integers n. 

The problem was first studied by Nathanson jKj, and subsequently by Lev |3I 
and others. There is an excellent survey of additive representation functions by 
Sarkozy and Sos P^ . 
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